In this article, we study theDΣ * c ,D * Σc andD * Σ * c pentaquark molecular states with the QCD sum rules by carrying out the operator product expansion up to the vacuum condensates of dimension 13 in a consistent way. The present calculations support assigning the Pc(4380) to be theDΣ * c pentaquark molecular state with J P = 
Introduction
In 2015, the LHCb collaboration studied the Λ 0 b → J/ψK − p decays and observed two pentaquark candidates P c (4380) and P c (4450) in the J/ψp mass spectrum with the significances of more than 9 standard deviations [1] . The Breit-Wigner masses and widths are M Pc(4380) = 4380 ± 8 ± 29 MeV, M Pc(4450) = 4449.8 ± 1.7 ± 2.5 MeV, Γ Pc(4380) = 205 ± 18 ± 86 MeV, and Γ Pc(4450) = 39 ± 5 ± 19 MeV, respectively. The preferred quantum numbers of the (P c (4380), P c (4450)) are − p decays [3] . There have been several possible assignments since the observations of the P c (4380) and P c (4450), such as the pentaquark molecular states [4, 5, 6, 7, 8, 9, 10, 11] (or not the molecular pentaquark states [12] ), the diquark-triquark type pentaquark states [13] , the diquark-diquarkantiquark type pentaquark states [14, 15, 16, 17] , re-scattering effects [18] , etc. In Table 1 , we present some typical assignments in the scenario of pentaquark molecular states, in this article, we will focus on this scenario, and examine the possible molecule assignments based on the QCD sum rules.
The QCD sum rules is a powerful theoretical tool in studying the ground state hadrons [19, 20, 21, 22] . The diquark-diquark-antiquark type hidden-charm pentaquark states have been studied in details with the QCD sum rules by carrying out the operator product expansion up to the vacuum condensates of dimension 10 in a consistent way [16, 17] . In Ref. [5] , Chen et al study theD * Σ c and DΣ * c −D * Λ c pentaquark molecular states with the QCD sum rules by carrying out the operator product expansion up to the vacuum condensates of dimension 8. In Ref. [10] , Chen et al construct many interpolating currents to study the meson-baryon type pentaquark molecular states with the spin J = * Λ c pentaquark molecular states with the QCD sum rules by carrying out the operator product expansion up to the vacuum condensates of dimension 6. In Refs. [5, 10, 23] , also in the QCD sum rules for the tetraquark states [24] , the QCD spectral densities have two energy scales, µ = m c for the M S mass m c (m c ) and µ = 1 GeV for other input parameters. In Refs. [5, 10] , m c (m c ) = 1.23 GeV, while in Ref. [23] , m c (m c ) = 1.27 GeV. In Refs. [25, 26] , we study the diquark-antidiquark type tetraquark states and meson-meson type molecular states with the QCD sum rules by calculating the vacuum condensates up to dimension-10 in the operator product expansion in a systematic way, and explore the energy scale dependence of the hidden-charm (hidden-bottom) tetraquark states and molecular states in details for the first time, and suggest a formula
with the effective masses M Q to determine the optimal energy scales of the QCD spectral densities, which works very well for the hidden-charm (hidden-bottom) tetraquark states and molecular states [25, 26, 27] , and hidden-charm pentaquark states [16, 17] . In calculations, we take the M S masses m Q (m Q ) from the Particle Data Group [28] . In the QCD sum rules for the multiquark states, it is difficult to satisfy the pole dominance or ground state dominance, the energy scale
can enhance the pole contributions remarkably, and improve the convergent behaviors of the operator product expansion.
In this article, we extend our previous works [16, 17, 25, 26, 27] to study the masses and pole residues of theDΣ the i, j, k are color indices. In this article, we choose the color singlet-singlet type (or mesonbaryon type) currents JD
where g µν = g µν − pµpν p 2 . In calculations, we have used the following summations of the RaritaSchwinger spinors [33] ,
In the following, we briefly outline the operator product expansion for the correlation functions Π µν (p) and Π µναβ (p) in perturbative QCD. We contract the u, d and c quark fields in the correlation functions Π µν (p) and Π µναβ (p) with Wick theorem, and obtain the results:
where the U ij (x), D ij (x) and C ij (x) are the full u, d and c quark propagators respectively (
and t n = λ n 2 , the λ n is the Gell-Mann matrix [20, 34] , then compute the integrals both in the coordinate and momentum spaces to obtain the correlation functions Π µν (p) and Π µναβ (p) therefore the QCD spectral densities ρ 
In calculations. we observe that the zero width approximation will not impair the predictive ability significantly even for large widths [35] , the scattering baryon-meson states can be neglected safely. Furthermore, from Eqs. (18) (19) (20) , we can see that there are two heavy quark propagators and three light quark propagators in the correlation functions, if each heavy line emits a gluon and each light quark line contributes a quark pair, we obtain a operator GGūuūudd, which is of dimension 13, we should take into account the vacuum condensates at least up to dimension 13. In this article, we carry out the operator product expansion to the vacuum condensates up to dimension-13 and assume vacuum saturation for the higher dimensional vacuum condensates. We take the truncations n ≤ 13 and k ≤ 1 in a consistent way, the operators of the orders O(α k s ) with k > 1 are discarded. In previous QCD sum rules for the pentaquark molecular states, the operator product expansion was carried out up to the vacuum condensates of the dimension 8 or 6 [5, 10, 23] π GG are the vacuum expectations of the operators of the order O(α s ), and they are neglected due to the small contributions of the gluon condensates in the QCD sum rules for the multiquark states [25, 26, 27] .
Once the analytical QCD spectral densities ρ 
the explicit expressions of the QCD spectral densities ρ and obtain the QCD sum rules for the masses of the pentaquark molecular states,
where ρ 1 QCD (s) = ρ 
Numerical results and discussions
We take the standard values of the vacuum condensates= −(0.24 ± 0.01 GeV) 3 , qg s σGq = m [28] . Furthermore, we take into account the energy-scale dependence of the input parameters,
where t = log
, Λ = 210 MeV, 292 MeV and 332 MeV for the flavors n f = 5, 4 and 3, respectively [28, 36, 37] .
In this article, we study the pentaquark molecular states in three cases, (I). We evolve the input parameters to the energy scale µ = M 2 P − (2M c ) 2 to extract the masses M P with the truncation of the operator product expansion D = 13; (II). We evolve the input parameters except for m c (m c ) to the energy scale µ = 1 GeV to extract the masses M P with the truncation of the operator product expansion D = 10; (III). We evolve the input parameters except for m c (m c ) to the energy scale µ = 1 GeV to extract the masses M P with the truncation of the operator product expansion D = 13. Now we take a short digression to discuss the energy scale formula, µ = M 2 P − (2M Q ) 2 . In the heavy quark limit, the Q-quark serves as a static well potential and can combine with a light quark q to form a heavy diquark in color antitriplet, or combine with a light diquark in color antitriplet to form a baryon state in color singlet. The Q-quark serves as another static well potential, and can combine with a light diquark ε ijk q i q ′j to form a heavy triquark in color triplet, or combine with a light quark q to form a heavy meson in color singlet,
where the i, j, k, l, m are color indexes. Then
The two heavy quarks Q andQ stabilize the four-quark systems′ QQ or the five quark systems′ q ′′ QQ , just as in the case of the (µ − e + )(µ + e − ) molecule in QED [38] . The tetraquark (molecular) states′ QQ (X, Y, Z) and pentaquark (molecular) states′ q ′′ QQ (P ) are characterized by the effective heavy quark masses M Q (or constituent quark masses not as robust) and the vir-
(or bound energy not as robust). The QCD sum rules have three typical energy scales µ 2 , T 2 , V 2 . It is natural to take the energy scales of the QCD spectral densities to be µ = V .
The effective Q-quark masses M Q embody the net effects of the complex dynamics, appear as parameters and their values are fitted by the QCD sum rules. The M Q have uncertainties, the optimal values in the diquark-antidiquark (diquark-diquark-antiquark) systems are not necessary the optimal values in the meson-meson (meson-baryon) systems. In the multiquark states consist of color singlet constituents, irrespective of the meson-meson type or meson-baryon type multiquark states, or in the multiquark states consist of color (anti)triplet constituents, irrespective of the diquark-antidiquark type or diquark-diquark-antiquark type multiquark states, the effective Qquark masses M Q should have universal values.
We fit the effective Q-quark masses M Q to reproduce the experimental masses of the Z c (3900) and Z b (10610) in the scenario of tetraquark states or molecular states [25, 26] , as there are controversies concerning the tetraquark and molecule assignments, then use the energy scale formula µ = M 2 X/Y /Z/P − (2M Q ) 2 to study the hidden-charm (hidden-bottom) tetraquark states and hidden-charm (hidden-bottom) pentaquark states or hidden-charm (hidden-bottom) tetraquark molecular states and hidden-charm (hidden-bottom) pentaquark molecular states.
In Ref. [26] , we obtain the optimal value M c = 1.84 GeV for the tetraquark molecular states. Later, we re-checked the numerical calculations and corrected a small error involving the mixed condensates and obtained the updated value M c = 1.85 GeV [39] .
In the case (I), we choose the Borel parameters T 2 and continuum threshold parameters s 0 to satisfy the following four criteria:
C1. Pole dominance at the phenomenological side; C2. Convergence of the operator product expansion; C3. Appearance of the Borel platforms; C4. Satisfying the energy scale formula, by try and error.
In the cases (II) and (III), we choose the Borel parameters T 2 and continuum threshold parameters s 0 to satisfy the three criteria, C1, C2 and C3. Now we write down the contributions of the different terms in the operator product expansion,
where the ρ n (s) are the QCD spectral densities for the vacuum condensates of dimension n, and the total spectral densities ρ(s) = √ sρ
There is another definition for the D(n),
which enhance the contributions of the vacuum condensates of low dimension and lead to smaller Borel parameters. Such a definition only warrants the operator product expansion is convergent if all the hadron states are taken into account on the phenomenological side. In this article, we prefer the definition shown in Eq.(31) as we only take into account the ground state contributions. The contributions of the perturbative terms D(0) are usually small for the multiquark states, we approximate the continuum contributions as ρ(s)Θ(s − s 0 ), and define the pole contributions (PC) or ground state contributions as
In Ref. [32] , we separate the contributions of the positive parity and negative parity baryon states explicitly, and study the heavy, doubly-heavy and triply-heavy baryon states with the QCD sum rules in a systematic way. In calculations, we observe that the continuum threshold parameters √ s 0 = M gr + (0.6 − 0.8) GeV can reproduce the masses of the observed heavy and doubly-heavy baryon states [28] , where the subscript gr denotes the ground baryon states. The pentaquark states and pentaquark molecular states are another type baryon states considering the fractional spins , we can take the continuum threshold parameters as √ s 0 < M P + 0.8 GeV. The resulting Borel parameters or Borel windows T 2 , continuum threshold parameters s 0 , optimal energy scales of the QCD spectral densities and pole contributions of the ground state pentaquark molecular states are shown explicitly in Table 3 . From the table, we can see that the pole dominance or the C1 is satisfied in the cases (I) and (II), while in the case (III) the pole contributions are very small, less than 25%.
In the QCD sum rules for the multiquark states, we usually choose the same pole contributions as (40−60)% [16, 17, 25, 26, 27] , which satisfy the pole dominance, the resulting Borel windows are small,
If we enlarge or narrow the pole contributions, the Borel windows are changed, the corresponding predictions are also changed. In Refs. [16, 17, 25, 26, 27] , we study the tetraquark states, tetraquark molecular states and pentaquark states with the QCD sum rules in a consistent way by choosing the pole contributions (40 − 60)%, and obtain satisfactory results in assigning the exotic states. In the present work, we choose the pole contributions (40 − 60)% in the case (I) and expect to obtain reliable predictions.
In Figs. 3-5, we plot the contributions of the vacuum condensates of dimension n with variations of the Borel parameters T 2 for the central values of other input parameters shown in Table 3 in the cases (I), (II) and (III), respectively. From the figures, we can see that the contributions D(n) change quickly with variations of the Borel parameters at the regions T 2 ≤ 3.0 GeV 2 , 2.6 GeV 2 and 3.3 GeV 2 in the cases (I), (II) and (III), respectively, which cannot lead to stable QCD sum rules, and the operator product expansion is not convergent, we should choose (much) larger Borel parameters T 2 . In Fig.6 , we plot the absolute contributions of the vacuum condensates of dimension n for the central values of the input parameters shown in Table 3 in the cases (I), (II) and (III), respectively. From the figure, we can see that the contributions of the perturbative terms D(0) are not the dominant contributions, the contributions of the vacuum condensates of dimensions 6 and 8 are very large. If we take the contributions of the vacuum condensates of dimension 6 as milestones, the contributions of the vacuum condensates |D(n)| decrease quickly with increase of the dimensions n, the operator product expansion is well convergent. The convergent behaviors have relation (I) > (II) > (III).
In calculations, we observe that in the case (II), we take into account the vacuum condensates up to dimension 10, not to dimension 13, there are no terms associated with
, which warrant those terms manifest themselves at low T 2 and appearance of the Borel platforms, the predicted masses increase monotonously with increase of the Borel parameters. We choose small Borel windows T We take into account all uncertainties of the input parameters, and obtain the masses and pole residues of the J P = Table 4 and Figs.7-12. From Table 4 , we can see that the criterion C4 is satisfied in the case (I). In Figs.7-12, we plot the masses and pole residues at much larger ranges of the Borel parameters than the Borel windows. From Figs.7-8 , we can see that the predicted masses and pole residues in the case (I) decrease monotonously and quickly with increase of the Borel parameters at the region T 2 ≤ 2.0 GeV 2 , then reach small platforms and increase slowly with increase of the Borel parameters. From Figs.9-10, we can see that the predicted masses and pole residues in the case (II) increase monotonously and quickly with increase of the Borel parameters at the region T 2 < 2.6 GeV 2 , then increase slowly with increase of the Borel parameters. From Figs.11-12 , we can see that the predicted masses and pole residues in the case (III) decrease monotonously and quickly with increase of the Borel parameters at the region T 2 < 3.0 GeV 2 , then decrease very slowly with increase of the Borel parameters. In all the three cases, we can define Borel platforms by requiring the uncertainties δMP MP induced by the Borel parameters are about 1%, the criterion C3 can be Table 3 : The truncations of the operator product expansion D, optimal energy scales µ, Borel parameters T 2 , continuum threshold parameters s 0 and pole contributions (pole) for the hiddencharm pentaquark molecular states, the energy scale µ = 1 GeV denotes the input parameters except for the m c (m c ) are taken at 1 GeV.
satisfied. The flatness of the platforms have relation (III) > (I) > (II).
In summary, in the case (I), the criteria C1, C2, C3, C4 can be satisfied; in the case (II), the criteria C1, C2, C3 can be satisfied; in the case (III), the criteria C2, C3 can be satisfied.
While the convergent behaviors have relation (I) > (II) > (III) and the flatness of the platforms have relation (III) > (I) > (II).
In the case (III), if we choose small Borel parameters, the pole contributions can be enhanced, however, the convergence of the operator product expansion breaks down. On the other hand, if we choose larger continuum threshold parameters to enhance the pole contributions, we can obtain much larger masses than the total masses of the two constituents, which correspond to virtual states or resonances, not meson-baryon bound states. The masses extracted from the continuum state dominated QCD sum rules are not robust, the case (III) are not preferred.
Compared to the QCD sum rules in the case (II), the QCD sum rules in the case (I) have better convergent behaviors in the operator product expansion and more flat Borel platforms. We do not prefer the case (II) as they lead to two energy scales, µ = m c and µ = 1 GeV, in the QCD spectral densities, just like in the case of the ssqqc pentaquark states [40] .
In this article, we prefer the QCD sum rules in the case (I), which support assigning the P c (4380) to be theDΣ * c pentaquark molecular state with J P = thresholds, respectively, see Table 4 .
In Fig.13 , we plot the masses of the pentaquark molecular states with variations of the Borel parameter T 2 for the central values of other input parameters in Table 3 in the case (I) with truncations of the operator product expansion D = 8, 9, 10, 11 and 13, respectively. From the figure, we can see that the predicted masses change significantly outside of the Borel windows, which are the regions between the two perpendicular lines, the higher dimensional vacuum condensates play an important role in determining the Borel windows. Even in the Borel windows, the predicted masses change considerable with the truncations of the operator product expansion, we should truncate the operator product expansion in a consistent way. Now we discuss the possible uncertainties originate from the energy scales in the case (I). In calculations, we observe that the predicted masses M decrease monotonously and slowly with the Table 4 : The predicted masses and pole residues of the hidden-charm pentaquark molecular states. Table 3 , and take the uncertainties δµ = ±0.2 GeV and vary the Borel parameters T 2 to retain the same pole contributions as that shown in Table 3 , we obtain the uncertainties δM = +0.00 −0.02 GeV, +0.00 −0.01 GeV and +0.00 −0.01 GeV for theDΣ * c ,D * Σ c andD * Σ * c pentaquark molecular states, respectively. In fact, if we take the uncertainties δµ = ±0.2 GeV and vary both the Borel parameters T 2 and continuum threshold parameters s 0 to retain the same pole contributions as that shown in Table 3 , we can obtain the tiny uncertainties δM ≈ 0, so the uncertainties δM originate from the δµ near the optimal energy scales shown in Table 3 can be neglected.
We can define the QCD side of the QCD sum rules as Π(µ) = 
The Π(µ) evolves with the renormalization group equation, we can take into account the energyscale dependence according to the following equation,
where the γ is the anomalous dimension of the correlation function, and we expect that the energy scale dependence can be factorized out and absorbed into the pole residue, the predicted mass M is energy scale independent, see Eq. (27) . The anomalous dimensions γ for the QCD sum rules involving the massive quarks are unknown up to now [41] . We have to perform the following routine to take into account the energy scale dependence.
Π(µ) = Π (m c (µ),(µ), qg s σGq (µ)) = Π m c (µ 0 ) α s (µ) α s (µ 0 ) 12 25 ,(µ 0 ) α s (µ 0 ) α s (µ) 12 25 , qg s σGq (µ 0 ) α s (µ 0 ) α s (µ) 2 25 ,
and evolve the c-quark mass and vacuum condensates to the optimal energy scales µ = 2.4, GeV, 2.5 GeV and 2.6 GeV, respectively. In the operator product expansion, the energy scale µ separates the regions of short and long distances, the interactions at momenta p 2 > µ 2 are included in the Wilson's coefficients, while the effects at p 2 < µ 2 are absorbed into the vacuum condensates, which are energy scale dependent and can be evolved to arbitrary energy scales according to the renormalization group equation. The scale µ (normalization point) should be large enough in order to justify the calculations of the Wilson's coefficients in QCD perturbation theory. In this article, the energy scales µ = 2.4, GeV, 2.5 GeV and 2.6 GeV are suitable. We obtain the masses M of the pentaquark molecular states through a fraction, the energy scale dependence in the numerator and denominator are canceled out to some extent, the δM induced by the δµ near the optimal energy scales are very small.
Conclusion
In this article, we study theDΣ * c ,D * Σ c andD * Σ * c pentaquark molecular states with the QCD sum rules by carrying out the operator product expansion up to the vacuum condensates of dimension 13 in a consistent way. In calculations, we separate the contributions of the negative parity and positive parity pentaquark molecular states unambiguously, and study the masses and pole residues of the hidden-charm pentaquark molecular states with the QCD sum rules in details. Special attentions are payed to the operator product expansion, as the predicted masses change remarkably with the truncations of the operator product expansion, we should truncate the operator product expansion in a consistent way. The present calculations support assigning the P c (4380) to be thē DΣ * c pentaquark molecular state with J P = 
